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tical. In Ref. 1, the following description of the steady flowfield is
presented for the isolated airfoil. The flow is completely subsonic
at Mach numbers below M00= 0.775. A weak shock wave exists
around midchord at M00=O.S\ the shock is at the three-quarter
chord point at M^O.85. At M^O.9, the fish-tail shock pattern
appears.

Thus, it can be seen that some of the flow characteristics are
similar in the cascade and isolated airfoil steady results. The shock
is at the midchord location when M^O.68 for the cascade and
M00=0.8 for the isolated airfoil. Taking into account this differ-
ence, it can be seen that the present results are almost identical to
the isolated airfoil results. However, note that the shock reaches
the trailing edge at M^ 0.7 in the cascade whereas for the isolated
airfoil the corresponding value is M00= 0.9. This shows that the
shock location changes more rapidly in the cascade as the Mach
number is changed from 0.68 to 0.7. Furthermore, the choking
observed in the present cascade flow has no corresponding feature
in isolated airfoil flow. Thus, although many similarities can be
observed between the cascade results and the isolated airfoil
results, distinct differences remain.

Concluding Remarks
Flutter calculations have been performed for an unstaggered

NACA 64A010 cascade using the frequency-domain method. A
comparison of the present results with isolated airfoil theory based
on a transonic small-disturbance analysis shows that the flutter
results are similar. The significant difference is a shift in the flutter
velocity variation along the Mach number axis. It is concluded that
the significant phenomena that lead to the distinct variations in
flutter speed are present in both the isolated airfoil and cascade
flows. However, a distinct difference between the two flows is the
choking of the flow in the cascade. Because of this difference, a
complete quantitative correlation of the two results is not expected.
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I. Introduction

F LUTTER characteristics determination of shallow shells
is of prime importance in supersonic aircraft and launch

vehicle designs. The first analytical research on supersonic
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flutter of thin cylindrically curved panels was made by Voss,1
using Reissner's shallow shell equations,2 quasistatic aerody-
namic theory, and the Galerkin method for the solution of
freely supported ends boundary conditions. Nonlinear flutter
analysis of two-dimensional3 and three-dimensional4 curved
panels were performed by Dowell using a quasistatic aero-
dynamic theory. Do well's investigations showed that the in-
plane edge restraints had a great influence on the flutter
boundaries, and this phenomenon was attributed to the fre-
quency spectrum of the shells analyzed. Since Olson5 intro-
duced the aerodynamic matrix concept, many authors ex-
ploited the application of the finite element method in the field
of supersonic panel flutter.6 Reissner's two field variables
principle7 with transverse displacement and Airy stress func-
tions taken as field variables represents an efficient alternative
for the treatment of shallow shell problems. In spite of the
simplifications it introduces, Reissner's principle is scarcely
used in finite element formulation. The main reason is at-
tributed to the difficulties encountered when applying the
boundary conditions on Airy stress function.8"9 In Ref. 10,
starting from Reissner's variational equation for the free vi-
bration of cylindrically curved panels, the Euler-Lagrange
equations and the boundary conditions of the problem were
deduced. It was shown that the boundary conditions on Airy
stress functions are as simple and direct to apply as on the
transverse displacements. The purpose of the present work is
to present a finite element analysis of the supersonic flutter of
cylindrically curved panels based on Reissner's two field varia-
tional principle.

II. Problem Formulation
The variational equation of thin cylindrically curved shal-

low shells,7 Fig. 1., reads

6(0*) = d phw* cL4 - ~
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In Eq. (1), p is the material mass density per unit of area, h
is the shell thickness, D = Eh3/I2(l - v2) is the shell flexural
rigidity, v is Poisson's ratio, E is Young's modulus, and A/? is
the aerodynamic pressure difference. Using the quasistatic
aerodynamic theory, the relationship between A/? and w can be
written as

dw
(2)

where Q = p F2/2 is the dynamic pressure, M and V are the
freestream Mach number and velocity, respectively. Perform-
ing the variational operation, grouping terms, and applying
Green's theorem, the Euler-Lagrange equations of the prob-
lem are obtained and read
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and the classical boundary conditions on an edge /x, = constant,
where p stands for x or y, and rj normal to /x direction are given
by

Clamped edge w = wtfl = 0 and at a corner F w = 0 (5a)

Free edge F = F M = 0 and at a corner M OT = 0

(i.e., w „. = <)) (5b)
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Fig. 1 Shell geometry and notations.

Simply supported edge w = 0 and at a corner Ftl/ai = 0 (5c)

Freely supported edge w = F = 0 (5d)

A finite element solution for the problem at hand can be
performed using rectangular elements preserving C1 continu-
ity based on the functional given in Eq. (1). Thus, we can write

2 2

z(x, y) = U U [Hoi(x)HQj(y)Zij + ffii(x)Hcj(y)z,Xu j
/ = l y = l

(6)

where z stands for w or F and Hmn are first-order Hermitian
polynomials; other notations are as given in Ref . 1 1 . Using the
standard finite element technique, we obtain for each element
a set of two equations cast in the following form:

= {0} (7a)

(7b)

where X = 2QA/M2 - 1 is the dynamic pressure parameter.
The matrices in Eq. (7) can be calculated as given in Refs. 10
and 1 1 . Using the finite element standard assembly technique
and applying the appropriate boundary conditions, the equa-
tions read

[KwF][F] \ [ A ] [ w ] = {0} (8a)

{0} (8b)

The degrees of freedom {F} can be eliminated using the
compatibility Eq. (8b), reducing the aeroelastic problem to

(9)

where, [Keq\ = [Kww] - [KwF] [KFF]~l[kFw]. An examination
of Eq. (9) reveals that the computational effort required for
the solution of the aeroelastic problem is equivalent to that of
a flat plate problem when the present formulation is used. The
inplane boundary conditions are applied on F, F,X9 F>y, and
FtXy, and are all nodal degrees of freedom.

III. Numerical Results
Results of some computations using the present formulation

are reported in this section. For simplicity, only square cylin-
drically curved panels have been considered, and the results
are presented in terms of the critical dynamic pressure param-
eter Xcr = \a3/D as a function of the maximum shell rise H/h.
The first series of calculations was performed for freely sup-

FEM Clamped
FEM Simply Supported
FEM Freely Supported
Voss Freely Supported
Dowell Freely Supported

Fig. 2 Flutter dynamic pressure vs shell rise.

ported end conditions to compare the results of the natural
frequencies calculations with the exact analytical solution us-
ing Reissner's equation.2 It is anticipated that for the curved
panels with the increase of the curvature, higher modes will
coalesce first to produce the critical flutter condition. There-
fore, the finite element model used must maintain good preci-
sion for a wide range of the frequency spectrum. Using a mesh
of 4 x 4 elements, the calculations showed that the error in the
natural frequencies ranged from 1% for the first to 4% for the
15th mode. This precision was considered sufficient enough to
proceed for the aeroelastic calculations using a. mesh of 4 x 4.
The results of Xcr are shown in Fig. 2 and are compared with
the previous solutions of Voss1 and Dowell.4 Voss's solution is
a two-term Galerkin approximation and shows the same trend
as the present formulation. Do well's solution is a six-chord-
wise-modes Galerkin approximation with a half-sine wave in
the cross-stream direction and practically coincides with the
present solution for the parts of the curve where n = 1 are the
critical modes. Simply supported and clamped edges panels
are then analyzed, and the results are shown in Fig. 2. From
these results it can be observed that for a curvature effect up
to H/h = 2, the critical flutter modes are the first modes and
Xcr is practically the same as for a flat panel. With the increase
of the curvature, higher modes coalesce first, and the coales-
cence is characterized by the decrease or increase of the critical
dynamic pressure parameter. In the region of flat plate behav-
ior, the curvature effect is stabilizing in the sense that Xcr
increases with the increase of the curvature. With further
increase of the curvature, the panel passes through a transition
region characterized from a flat plate to a deep shell behavior.
This region is characterized by the dips, knees, and cups
observed in Xcr vs curvature, and is explained by the coales-
cence of successive higher modes. After this transition region,
the panel behaves as a deep shell, and Xcr is for an elevated
number of waves in the cross-stream direction and the first
spanwise modes. For clarity of the exposition, no damping
effect, whether of structural or of aerodynamic nature has
been incorporated. If a constant viscous-type structural damp-
ing and/or the aerodynamic damping term of the linear poten-
tial flow theory are used in the analysis, it can be shown that
their effect is always stabilizing.6 The effect of such damping
is small in the flat plate behavior and deep shell regions. In the
transition region, such dampings have a greater influence on
the stability of the panel and remove the sharp minima or dips,
which are due to coalescence of modes with nearly identical
frequencies and small aerodynamic coupling.6

IV. Concluding Remarks
Finite element solutions of the supersonic flutter of cylindri-

cally curved panels have been presented. Reissner's two field
variables variational principle has been used to formulate a C1

continuity element that satisfies the requirements of the finite
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element method. Previous investigations have demonstrated
that the inplane edge restraints have a great influence on the
flutter boundaries. The present finite element formulation
permits a direct and exact application of the inplane end
conditions for all classical boundary conditions.
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Introduction

FEEDBACK control with a colocated sensor and actuator has
been considered having stability robustness. A sensor and

actuator pair at the same location is often referred to as colocated,
and any dislocation of the pair is considered a noncolocated con-
figuration. Such a definition of colocated and noncolocated feed-
back is the only one meaningful in structural control implementa-
tion and experimentation. Previous work identifying the same
definition of noncolocated feedback includes that of Schafer and
Holzach1 and Parks and Pak.2 Balas3 was among the first to con-
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sider velocity feedback with a colocated sensor and actuator. In the
absence of actuator dynamics, this technique is unconditionally
stable. However, having the option to use noncolocated feedback
is often desirable because of design flexibility. In addition, non-
colocated feedback may often be required due to physical limita-
tion and/or hardware constraint. In the study of control/structure
synthesis, Thomas and Schmit4 considered noncolocated velocity
and displacement feedback to a cantilever beam system. Because
of the sensor and actuator placement, they were unable to achieve
stability robustness. Cannon and Rosenthal5 applied noncolocated
feedback to a flexible structure control experiment and concluded
that effective noncolocated feedback is one of the major challenges
to large space structure application.

In flexible structure vibration control, the structure system is
normally discretized either by finite element method or by normal
mode analysis. The governing equation is hence written in the
form of second-order differential equations with sparse or diagonal
inertia, damping, and stiffness coefficient matrices. Prediction of
stability robustness by calculating the closed-loop system spec-
trum for a given set of system parameters, including structural
modal properties, sensor/actuator placement, and control law, is
straightforward but tedious for a reasonably large number of
parameters. One may argue that by keeping the mass, damping,
and stiffness matrices of the closed-loop system positive definite,
then the asymptotic stability is guaranteed; however, such a crite-
rion is no longer valid in the case of noncolocated feedback
because these coefficient matrices can be asymmetric. Thus, the
need of design guidelines for both the control law and sensor/actu-
ator placement that guarantee an asymptotically stable system is
evident. This Note investigates the stability of second-order struc-
tural control systems with noncolocated velocity feedback. Robust
stability criteria are developed for structural control in the absence
of sensor and actuator dynamics. Conditions are derived such that
the closed-loop system is asymptotically stable with infinite gain
margin. These conditions are stated in terms of the structure sys-
tem parameters such as inertia, damping, and stiffness matrices;
sensor/actuator placement; and feedback control gain matrix.

Velocity Feedback
In the analysis and design of structural control, the governing

equation of motion of a discretized system is often written as
x + Cx + Ax = Bu (D

where x is an n X 1 generalized coordinate vector. C is a symmet-
ric, positive definite damping matrix, denote C > 0. A is a symmet-
ric stiffness matrix, A > 0 for most structure systems; however, it
can also be a negative definite, A < 0, in stable gyroscopic systems
or statically unstable systems. Note that the identity inertia matrix
indicates that normal modes discretization is applied in the formu-
lation. All coefficient matrices are of dimension n X n, the actuator
influence matrix B is of n X m, and the control force u is of m X 1.

Although the requirement of direct velocity measurement may
be restrictive in hardware implementation, colocated velocity feed-
back is the most widely discussed method in the structural control
studies for its positive damping argumentation. Such control law
makes the closed-loop system asymptotically stable with infinite
gain margin. The system dynamics can be described by n modes
with no residual modes, and the feedback controller is

u = -KBTx (2)
where Kv is the velocity feedback control gain matrices, and Bv is
the measurement sensor influence matrix. Substituting Eq. (2) into
Eq. (1), the feedback control system becomes

jc+ (C + BKvBT
v)* + Ax = 0 (3)

x + (D + G)x + Ax = 0 (4)
where D and G are termed generalized damping and gyroscopic
matrices, respectively.

D = C+1/2(BKVBT
V+BVKT

VBT)

G = \/1(BKvBT
v+BvKT

vBT)


